Abstract. Scatter to primary radiation ratios at detector positions were calculated for uniform cylindrical water phantoms in both third and fourth generation x-ray CT scanners using the Monte Carlo simulation method. A rapid method for determining the scattering angle is given. In the process of image reconstruction, the effect of scatter was isolated by applying our new calculation technique. The decrease in CT number due to scatter was found to be less than 10. In the third generation CT scanner the rate of scatter is larger at the centre than at the edge because of the effect of the collimator at the detectors. As a result the cupping artefact occurs in the CT image. The collimator cannot be used in the fourth generation CT scanner and, therefore, the rate of scatter is almost uniform, leading to the appearance of rounded-off edges.
Introduction
Fan beam irradiation geometries, for which the amount of scatter must be taken into account, are used in third and fourth generation CT scanners. True attenuation coefficients, hence true CT numbers, are calculated from the data of primary beams which travel directly from the source to the detectors. The detection of scatter in addition to the primary beam, however, results in a decrease in the calculated attenuation coefficients and hence the CT numbers obtained are less than their true values. This problem has been investigated by Glover (1982) , Johns and Yaffe (1982) and Joseph and Spital (1982) , all of whom have shown that the cupping artefact appears in reconstructed images of uniform materials.
We have calculated the distribution of scatter to primary ratios at detector positions for uniform cylindrical water phantoms using the Monte Carlo simulation technique and have studied the effects of scatter on reconstructed CT images. In the Monte Carlo simulation, a rapid method of determining the scattering angle was used. In the image reconstruction the effect of scatter was isolated by decreasing the statistical fluctuation and the beam hardening effect. This cannot be done experimentally, but was performed by applying our new calculation technique (see § §2.3 and 3.1). As a result, we have found that the cupping artefact appears in the third generation CT image, whereas the rounded-off edges occur in the fourth generation CT image. 
Calculation of scatter to primary ratios

l . Geometries
x-ray photons were traced individually by using the Monte Carlo simulation method in order to calculate scatter to primary ratios. The geometries of typical third and fourth generation CT scanners used for the calculation are shown in figures 1 and 2 respectively. A cylindrical water phantom of infinite length and diameter D of 20 or 30 cm was adopted as an object. Each object was axially symmetrical and the geometries were, therefore, the same at all projection sites. Thus scatter data were collected at one projection site only.
The detectors of the third generation CT scanner were Xe gas chambers with a 0.1 cm x 2 cm aperture and a depth of 5-10 cm. The walls of these chambers were replaced by collimator walls of height 1 cm. The collimators were placed in front of the detector surface of area 0.1 cm X 2 cm (figure l ) . The collimator height was app,roximately twice the mean free path of 70 keV photons in Xe gas at a pressure of 5.1 x IO5 Pa. The photons arriving at the detector surface were counted and the photons colliding with the collimator wall were assumed to be absorbed and not counted. The validity of this geometry was confirmed by simulation.
In the fourth generation CT scanner, solid state detectors of 1 cm X2 cm were used with detector pins. The detector pins were not effective in removing scatter because the detectors received scatter as well as primary rays from all over the phantom. The collimator was therefore not used and all photons arriving at the detector surfaces of area 1 cm x 2 cm were counted.
Monte Carlo simulation
All of lo6 photons simulating fan beamed continuous x-rays were traced individually as they interacted within the water phantom. Random number generation methods were used for the generation of several quantities. Photons were generated with energies so distributed as to obey the photon spectrum of an EM1 scanner of 120 kV continuous x-ray radiation with a 4 mm A1 filter (Birch er a1 1979). This was performed by using the composition method (Butler 1956) .
The paths of all photons were calculated as if the photons had been emitted in a plane located at the centre of the slice. The deviations of the scattering angles between the centre and the edges of the slice were negligible (less than 3" and 0.8" in the third and fourth generation CT scanners respectively). The slice thickness does not, therefore, affect the scatter to primary ratios.
An ideal bow-tie filter makes the primary ray intensity (total photon energy) uniform at the detector surface. Hence the scatter intensity distribution is proportional to the distribution of the scatter to primary ratios. Simulating the effect of the ideal bow-tie filter, the direction of each photon ejection from the source was selected so that the photon travelled toward the detector which had up to that time received the smallest sum of primary photon energy.
Path lengths in the water phantom were generated by using the inversion method (Battista 1978) . The summation of transmitted photon energy received by each detector was stored in the computer memory as the total energy of the primary rays.
In order to avoid unnecessary calculation, photoelectric absorption was disregarded and only scattering was considered for each interaction by introducing the history weight W at each photon energy
where upe, (+cob and (+incoh were the cross sections of the photoelectric absorption, the coherent scattering and the incoherent scattering respectively (Hubbel 1977) . For incoherent scattering, the photon energy was decreased as a function of the scattering angle. At each interaction location, the nature of collision, whether coherent or incoherent, was determined by a random number generation in conjunction with uCoh and (Tincoh for each interaction.
The probability distributions of the scattering angle e of coherent and incoherent scattered photons were determined respectively to obey the following differential cross sections where dR denotes the differential solid angle 277 sin 8 de, du,/dfl and dc+,,/dfl are Thomson's and Klein-Nishina's differential cross sections respectively, F ( x , z ) , and S(x, z ) are the form factor and incoherent scattering functions respectively, z is the atomic number and x = (l/A) sin(8/2) (4) where h denotes the wavelength. The values of F ( x , z ) and S(x, z ) were found in the table given by Hubbel et a1 (1979) and the intermediate values for x were calculated by the interpolation method using polynomials of the eighth to tenth power. The intermolecular interference for water (Narten 1971 ) was disregarded in the form factor, since it causes a slight error at low photon energy for small scattering angles. The error is larger at smaller 8 and for lower photon energies. For example, the 70 keV photons, the largest error of ( F ( x , z))' sin 8 referred to its maximum value is 4% at 8 = 3". Those for 30,20 and 10 keV photons are 10% at 8 = 6", 13% at 6 = 8" and 18% at 8 = 9". The rates of the coherent scattering cross sections to the sum of coherent and incoherent scattering cross sections for 70, 30, 20 and 10 keV photons are about 0.1, 0.2, 0.4 and 0.7; hence the largest errors are about 0.4, 2, 5 and 13%, respectively. The first two are negligible. Linear attenuation coefficients for 20 and 10 keV photons are 0.8 and 5.2 cm" respectively; therefore, the energy rate due to these low energy photons is negligible in the scatter leaving a water phantom and arriving at the detectors.
The generation of the scattering angle was performed at high speed by a new inversion method (see the appendix). Azimuthal angles of scatter were generated using uniform random numbers between 0 and 27r. All the multiple scattering photons were traced until the photon energy dropped to less than I O keV or until the photon was released from the phantom.
Finally, total photon energies (sum of photon energies multiplied by history weights) of primary and scatter rays were stored separately for each detector.
Results
The The positions of detectors are expressed by the angles a shown in figures 1 and 2. The numbers of detectors are 19.2 and 1.5 per degree in the third and fourth generation CT scanner respectively. By tracing lo6 photons, statistical fluctuation of the scatter data per detector in the fourth generation CT scanner was within 10%. In the third generation CT scanner, the data received by 10 neighbouring detectors were summed. The statistical fluctuation of scatter was then 8% or less. Statistical fluctuation of primary rays was 2% or less in both types of scanner. Computing times were no more than 5 min. The scatter data outside the phantom region (the region of primary rays) are not shown, since they were not used in the image reconstruction.
The ordinates are the ratio of energy received per degree to the total incident energy. The full curves and broken curves present the primary rays and scatter respectively. Spatial statistical fluctuations of the detector data of the primary rays and the scatter were smoothed separately by the least-squares method using the polynomial of the sixth power. As a result, the statistical fluctuation appearing in the CT image was effectively removed.
Scatter to primary ratios are listed in table 1. The larger phantom produces the greater amount of scatter. The detectors in the third generation CT scanner receive the collimator effect and, therefore, the scatter is effectively removed at large a. Since the 
Reconstruction of CT images
The reconstruction of uniform cylindrical water phantoms with diameters D of 20 and 30 cm in cases with and without scatter has been achieved using the smoothed detector data in figures 3 and 4. 
Method of reconstruction
In order to investigate the effect of scatter alone, the intensity of the primary rays was made uniform (02.2) and the statistical fluctuation was removed (02.3) .
The beam hardening artefact was removed in the reconstruction process in the following way. Usually the projection data are calculated from the detector data with and without the phantom, ID and Io. ID is composed of primary data I , and scatter data Is as
If the reconstruction is performed using only the primary data I , (uniform as shown by full curves in figures 3 and 4) and Io, i.e. using the projection data g, = -In -
IP
IO
then the beam hardening cupping artefact occurs because of the broad x-ray spectrum.
In order to remove the beam hardening effect and to isolate the scatter effect, the virtual detector data without the phantom are obtained for 70 keV monoenergetic rays using I ; = I, exp(pd) (8) where p is the linear attenuation coefficient of water at 70 keV and d is the path length of the beam in the water phantom. The value 70 keV is approximately the effective photon energy of continuous rays used for the calculation of scatter to primary ratios.
First the reconstruction was performed using the detector data Ip of only primary rays and I ; given by equation ( 8 ) , i.e. the projection data were g;= -In-=pd
IP
I b
Next, using scatter data Is (broken curves in figures 3 and 4) added to I , and the same values of 1; as used in equation (7), the projection data
were produced. Using the projection data of equations (9) and (1 0), the convolution (Ramachandran and Lakshminarayanan 1971) with the modified Shepp and Logan filter (Shepp and Logan 1974) was performed. Linear interpolation was used in the back projection. The reconstruction size was 128 x 128 pixels.
The difference between the reconstructed images in cases with and without the scatter represents the scatter effect.
Results and discussion
Figure 5 ( a ) shows the two-dimensional distribution of CT numbers (the CT image) of the 30cm phantom reconstructed from equation (9) (only the primary data) of the third generation CT scanner. The height shows the CT number which is 0 for water and -1000 for air. The base plane expresses the CT number -30 although it decreases to -1000. Figures 5( b ) and 5 ( c ) show those reconstructed from equation ( IO) (primary plus scatter data) of the third and fourth generation CT scanners respectively. Cross sectional profiles including centres of all CT images for 20 and 30 cm phantoms reconstructed by both generation CT scanners are depicted in figures 6 and 7. In each figure, the broken curves show the true profile and the full curves, which refer to primary (A) and primary + scatter (B) data, are those derived from equations (9) and By comparing the two profiles in each of figures 6 and 7 it can be seen that (i) the scatter reduces CT numbers in the whole region of both generation CT images and (ii) the scatter produces a cupping artefact in the third generation CT scanner whereas (iii) it produces rounded-off edges in the fourth generation CT scanner. These facts can be predicted from figures 3 and 4 as follows: (i) the addition of scatter increases the detector data, therefore it increases the apparent transmission, and therefore it decreases the apparent absorption coefficient which thus decreases the CT number; (ii) in the third generation CT scanner, a larger amount of scatter reaches detectors near the centre than near the edge (table 1, figure 3 ) and therefore the apparent CT numbers decrease more near the centre of the phantom; and (iii) in the fourth generation CT scanner, scatter distribution is almost uniform (table 1, figure 4) . CT numbers, however, do not decrease uniformly, but rounded-off edges are apparent. The round-off is due to the fact that scatter data are added almost uniformly to the uniform primary detector data and that the path length of the beam near the edge is appreciably shorter than that near the centre. The apparent scatter to primary ratio per unit path length near the edge is, therefore, appreciably greater than that near the centre and, consequently, the decrease of CT numbers near the edge is greater and round-off appears. 
Conclusion
The effects of scatter on CT images have been successfully isolated and evaluated. The decrease in CT numbers is less than 10 in all cases. This is comparable to the statistical fluctuation and the beam hardening effect and cannot, therefore, be disregarded. In the third generation CT scanner, because of the effect of the collimator at the detectors, the rate of scatter is larger at the centre than at the edge.
As a result, the cupping artefact occurs in the CT image. The collimator cannot be used in the fourth generation CT scanner and, therefore, the rate of scatter is almost uniform. As a result, rounded-off edges appear.
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Appendix. Determination of scattering angles
From equations (2) The procedure for coherent scattering follows (a similar procedure can be applied for incoherent scattering). The methods of generating the scattering angles have been described (Chan et al 1983 , Williamson et al 1983 . In these methods the scattering angles were generated by using a combination of the inversion and the rejection methods. These methods are effective for small memory computers.
On the other hand, we used the computer FACOM M 200 which has a sufficiently large memory. The scattering angle was therefore generated by our new inversion method.
(1) It is very difficult to obtain an analytical expression of the inverse function of the cumulative probability r e P ( @ )
At first, therefore, the total probability was divided by 100 by the numerical integration U, = m/100 m =0,1,2,. . . ,99 as shown in the abscissa of figure 8, in order to obtain e, . ( 2 ) For a real random number U( = P( e)) generated between 0 and 1, we took the integer part of lOOu as The probability of obtaining the scattering angles 8 thus generated obeys f( 8, A ) given in equation (AI). We have stored in the computer the coefficients Ao, A I and A2 for all m for photon energies in the range 10-1 50 keV in 5 keV steps. A memory of 150 kbyte was sufficient for storing the table.
(4) For a photon having energy between 5 n and 5 ( n + 1) keV, we generated a random number U, obtained the two angles for 5 n and 5( n + 1) keV, and decided the scattering angle 8 by using linear interpolation.
By using this new inversion method, we have to generate only one random number for deciding a scattering angle, and need not reject any random number. Thus we can generate scattering angles at a higher speed than by using the rejection method (Battista 1978) or a combination of the inversion and rejection methods (Chan et a1 1983,  Williamson et a1 1983) . The accuracy is higher than by using linear interpolation because of the quadratic interpolation.
Resume
Effet du rayonnement diffus6 sur les images de scanneur.
Les auteurs ont calcult, pour un cylindre d'eau uniforme, et ic l'aide d'une simulation par la mCthode de Monte Carlo, la proportion du rayonnement diffuse par rapport au rayonnement primaire au niveau des ditecteurs, dans le cas de scanneurs de troisibme et quatrieme gCnCrations. 11s proposent une mtthode rapide pour la determination de l'angle de diffusion. Dans le processus de reconstruction d'image de leur nouvelle technique de calcul, I'effet du rayonnement diffuse est individualise. La diminution, due A la diffusion, observee pour la valeur des nombres "scanneurs", est inferieure ic IO. Pour les scanneurs de troisieme gentration, I'importance relative de la diffusion est plus importante au centre que sur les bords en raison de I'effet de la collimation au niveau des ditecteurs.
II en rCsulte un effet de durcissement du faisceau, entrainant I'apparition d'artifacts de quatrieme gCnCration; il en rCsulte que I'importance relative du rayonnement diffuse est B peu prbs uniforme, ce qui conduit B estomper les contours.
Zusammenfassung
Der EinBuj3 von Rontgenstreustrahlung auf CT-Bilder.
Die Verhaltnisse von Streustrahlung zu Primarstrahlung wurden mit Hilfe einer Monte Carlo-Simulation an den Detektorpositionen berechnet fur gleichformige zylindrische Wasserphantome bei CT-Scannern der dritte und vierte Generation. Eine schnelle Methode zur Bestimmung des Streuwinkels wird angegeben. Wahrend der Bildrekonstruktion konnte der EinBuj3 der Streuung isoliert werden durch Anwendung des neuen Berechnungsverfahrens. Die CT-Zahlen verminderten sich durch die Streuung um weniger als
IO.
Bei den CT-Scannern der dritte Generation fand man, wegen des Einflusses des Kollimators auf die Detektoren, mehr Streuereignisse in der Mitte als am Rand. Daraus resultiert der 'Cupping'-Artefakt im CT-Bild. Der Kollimator konnte bei den CT-Scannern der vierte Generation nicht verwendet werden. Deshalb ist die Anzahl der Streuereignisse meist gleichformig, was zum Auftreten abgerundeter Kanten fiihrt.
